Many authors claimed that a large initial inhomogeneity prevents the onset of inflation and therefore inflation takes place only if the scalar field is homogeneous or appropriately chosen over the horizon scale. We show that those arguments do not apply to topological inflation. The core of a defect starts inflation even if it has much smaller size than the horizon and much larger gradient energy than the potential, as long as the potential satisfies a slow-roll condition and the core is not contracting initially. This is due to stability of false vacuum.
Inflation gives a natural solution of the horizon problem of the big-bang universe. However, if inflation requires homogeneous initial conditions over the super-horizon scale, one cannot say that it is a solution of the horizon problem, though it reduces the problem by many orders of magnitude. To answer this naive question, many people have investigated how initial inhomogeneity affects the onset of inflation [1] [2] [3] [4] [5] [6] . The most remarkable work was done by Goldwirth and Piran [1] , who solved the full Einstein equations for a spherically symmetric spacetime. Their results are summarized as follows. New inflation is so sensitive to initial inhomogeneity that it requires homogeneity over a region of sereval horizon sizes is needed. Chaotic inflation is not so affected by initial inhomogeneity but requires a sufficiently high average value of the scalar field over a region of several horizon sizes. Later many people explored the same problem in different approaches [3] [4] [5] [6] , which as a whole confirmed the results obtained by Goldwirth and Piran. This suggests failure of the "ordinary" scenario of inflationary cosmogoy and therefore some alternatives were discussed [5, 6] ,
In this paper we investigate whether topological inflation [7] requires initial homogeneity over the horizon size. The simple model of topological inflation is described by the potential,
However, the same type of inflation takes place in many plausible theories such a nonminimally coupled massive scalar field [8] , some models of supergravity [9] , and superstring inspired models [10, 11] . The inflationary condition for the model (1) was investigated by numerical analysis [12] : η > 0.33m Pl for non-gauged defects. Although we claimed that the critical value of η does not depend on initial conditions [12] , it seems to lack of convincible explanations according to recent arguments [5, 6] . We therefore return to the same model and clarify the effect of initial inhomogeneity analytically and numerically. We use the units of c =h = 1. First, we discuss the scalar field dynamics under the approximation that the metric is homogeneous, following Berera and Gordon [6] . The equation of the scalar field φ(t, x) is
where an overdot denotes time-derivatives, a(t) is the scale factor and H ≡ȧ/a. Although a(t) is not a solution of the exact Einstein equations, it is instructive to write down its evolution equation under the present approximation,
This equation tells us that inflation does not take place (ä < 0) if the kinetic term dominates over the potential. It should be noted, however, that a gradient term does appear in Eq.(3). Gradient energy affects cosmic expansion only by exciting kinetic energy through the field equation (2) . Because inflation can take place at φ ≈ 0, we approximate the potential (1)
We assume the slow-roll condition for a homogeneous and isotropic spacetime, |φ| ≫ 3H|φ| andφ 2 /2 ≫ V at φ ≈ 0, which is equivalent to η ≫ m Pl / √ 6π. Under this condition what happens if the k 2 -term of (4) dominates? Clearly φ k begins oscillation, which contributes kinetic energy. In the case of other nontopological inflationary models, inflation never happens if kinetic energy dominates until the mean field rolls down to the potential minimum and the slow-roll condition breaks down. On the other hand, in the case of topological inflation, the false vacuum φ = 0 is topologically stable and never decays. As long as the core region φ ≈ 0 is not contracting at an initial time (ȧ ≥ 0), oscillations are eventually damped. Because a local region of φ ≈ 0 always exists, inflation takes place eventually.
Next, we take inhomogeneity of spacetime into account by solving the Einstein equations coupled to the scalar field equation numerically. We restrict ourselves to the global monopole system. We believe that the main features of dynamics do not change for domain walls and global strings, according to the previous work [12] . Because we have already known that the inhomogeneity of gauge fields affects the onset of inflation [13] and our present concern is pure effects of the scalar field inhomogeneity, we do not consider gauged defects here.
We consider the Einstein-Higgs system, which is described by the action,
with the potential (1). We assume a spherically symmetric spacetime and adopt the metric,
For the scalar field, we adopt the hedgehog ansatz: φ a = φ(t, r)(sin θ cos ϕ, sin θ sin ϕ, cos θ)
As initial conditions of the scalar field, we suppose
where δ is a free parameter, which controls the initial gradient at φ ≈ 0. If the previous arguments applied to topological inflation, δ would have to be larger than the horizon size H below. Our numerical method basically follows Ref. [14] , but we improve it in some ways so that we can treat an extremely large gradient at the center. The detail of our numerical method will be reported in a forthcoming paper.
The choice of initial values of an extrinsic curvature tensor, K r r = −Ȧ/A and K θ θ = K ϕ ϕ = −Ḃ/B, is an important problem. If we choose TrK =constant, for example, large initial inhomogeneity of φ causes a black hole or a singularity, as discussed by Chiba et al. [3] The appearance of black holes or singularities does not mean failure of inflation because inflation is a local phenomenon. To judge whether inflation occurs or not, we should solve the evolution equations, but it is difficult to solve them for such spacetimes numerically. For the technical reason, we set initial conditions without a black hole nor a singularity by adopting the following two ways, under the condition that the initial 3-space is not contracting, TrK ≤ 0.
(A) Following Goldwirth and Piran [1] , we set a homogeneous and isotropic 3-space by introducing another massless scalar field χ to compensate inhomogeneous energy density of φ. We assume χ(t = 0, r) = 0 andχ(t = 0, r) > 0.
(B) Without introducing a massless scalar field, we set A = B = 1 and solve the constraint equations to obtain K r r and K θ θ . We demonstrate solutions with λ = 0.1, η = m Pl and δ = 0.01H Figs. 1 and 2 . As we argued above, a part of gradient energy converts into kinetic energy, but both are eventually damped. Because the evolution equation for TrK,
does not include a gradient term, once kinetic energy becomes smaller than the potential, accelerated expansion starts in spite of large gradient energy.
In both cases an apparent horizon of a black hole appear outside the inflating region and calculation breaks down soon after the appearance. The spacetime structure is like a child universe or magnetic monopole inflation [13] . For this reason the evolution time for the case (B) is short, but Fig. 2 demonstrates sufficiently that inflation actually begins.
It should be emphasized that topological inflation can take place even if ρ grad ≫ V , as shown in Figs. 1(c) and 2(c) . This is in contrast with the previous results [1] , which showed that new inflation requires a more stringent condition than ρ grad < V .
To summarize, we have argued whether topological inflation requires initial homogeneity over the horizon size. Contrary to the results for nontopological inflationary models, which have been investigated by many people, topological inflation can take place even if the initial false vacuum has one percent of the horizon size and gradient energy of 10 5 V (0). This is due to topological stability of false vacuum. In this sense topological inflation explains most naturally the onset of inflation in a really chaotic universe.
One note is added. Stability of false vacuum is a key feature of topological inflation, which sometimes leads to the idea that inflation cannot end [11] . It is, however, not to worry. Once inflation begins, the evolution of a local region is described by Eq.(2) without the gradient term. Therefore, just like new inflation or chaotic inflation, φ simply rolls down to the potential minimum except for φ = 0, that is, inflation ends in any region except the one point. More detailed arguments are given in Ref. [15] . 
